Published by Institute of Physics Publishing for SISSA Received: May 26, 2005 Accepted: July 29, 2005 Published: August 10, 2005

Strings at the bottom of the deformed conifold

Jose J. Blanco-Pillado and Alberto Iglesias

Center for Cosmology and Particle Physics Department of Physics, New York University New York, NY, 10003, U.S.A.

E-mail: blanco-pillado@physics.nyu.edu, iglesias@physics.nyu.edu

Abstract: We present solutions of the equations of motion of macroscopic F and D strings extending along the non compact 4D sections of the conifold geometry and winding around the internal directions. The effect of the Goldstone modes associated with the position of the strings on the internal manifold can be seen as a current on the string that prevents it from collapsing and allows the possibility of static 4D loops. Its relevance in recent models of brane inflation is discussed.

Keywords: Superstrings and Heterotic Strings, D-branes, Cosmology of Theories beyond the SM.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep082005040.pdf /jhep082005040.pdf

Contents

1. Introduction 1

2. Strings on M^4 × S^1 2

3. Strings on the deformed conifold 4 3.1 F-string 6 3.2 D-string 7 3.3 Generalizations 7

4. Concluding remarks 8

1. Introduction

There has been a considerable amount of effort recently in trying to embed inflation within the context of string theory. All these models are based on the simple realization that moduli associated with the ingredients necessary to go from ten to four dimensions will be seen as light fields in the four dimensional description. In this regard, we can distinguish between two different origins for the would be inflaton.

On the one hand, compactifications mechanisms generate many moduli that come from different components of the metric, the dilaton, or the different antisymmetric forms present in the low energy description of string theory in ten dimensions. But these moduli should be fixed today by their respective potentials, so one of the most simple frameworks to get inflation would be to use these potentials to create a period of inflationary expansion. This idea has been pursued within string theory for a long time [1] and has its most recent incarnation in [2].

On the other hand, the discovery of D-branes has opened up a new opportunity to get inflation within string theory [3 – 5]. The idea is that we can use the moduli that parametrizes the distance between the branes along the compact directions as the inflaton field. In [6] these type of models were discussed within the framework of compactification with fluxes [7]. The authors argue that due to the potentials for the D-branes coming from the background geometry, it would be natural to have this process of inflation happening when the branes are located on a warped region of the internal manifold. These regions, called throats can be thought as regularized deformations of the conifold singularity [8] on a Calabi-Yau. In [9] the authors were able to find an exact solution of the supergravity equations of motion that describe the geometry once some fluxes are turned on along the cycles of the internal space. We will review this solution in section III of this paper since it is important for our purposes.

– 1 –

Brane inflation ends in these scenarios when the branes collide at the bottom of this warped geometry. It has been suggested that brane annihilation would leave behind a network of lower dimensional extended objects [10 – 13], which would be seen as strings from the four dimensional point of view. This alternative has renewed the interest on the possibility of observing cosmological consequences of cosmic strings, either fundamental strings (F strings) or D1-branes (D strings).

On the other hand, many high energy extensions of the standard model predict that our universe underwent a phase transition during which one dimensional topological defects of the field theory in question could have been produced [14, 15]. These would be the usual cosmic strings that have been extensively studied in the past in relation with different cosmological and astrophysical observations [16, 17]. It is therefore interesting to look for distinguishing features between these two types of cosmic string networks. Some suggestions in this regard have been put forward in the literature [18 – 20].

Here we explore the possibility that these strings were able to propagate in the extra dimensional part of the geometry. It is clear that this could have important consequences for the evolution of the network of strings [20]. In this paper we demonstrate this fact by finding stable solutions for 4-dimensional extended closed loops that wind around a circle of the internal space. We show that even though the extra dimensional part of the internal geometry in this region is a three sphere threaded with fluxes, the solutions remain stable for some range of the parameters. On the other hand, these light degrees of freedom that parametrize the position of the string on the compact space can also be thought of as a neutral current flowing along the string. This current has a very peculiar equation of state that could in principle help us to distinguish between fundamental versus field theory cosmic strings.

The organization of the paper is the following. In section 2 we present the simple solutions of strings propagating in M^4 × S^1, and discuss its connection to the superconducting string case. Section 3 discusses the embedding and stability of these solutions in the deformed conifold geometry. Finally in the conclusions we elaborate on the possible role that these solutions may play within the recently proposed scenarios of brane inflation.

2. Strings on M^4 × S^1

The Nambu-Goto action of a string propagating in D+1 dimensions is given by,

S = −T � √ −γ dσdt , (2.1)

where T = 1/2πα^′ is the tension of the string, γ_{ab} = g_{MN} ∂_aX^M ∂_bX^N is the induced metric on the worldsheet parametrized by the intrinsic coordinates, σ and t, and X^M (σ, t) gives the embedding of the string motion in the D+1-dimensional space-time. The equations of motion in the conformal gauge for a string propagating in a spacetime with metric g_{MN} are [16], Ẍ^M − X^{′′M} + Γ^M_{NP} (Ẋ^N Ẋ^P − X^{′N} X^{′P} ) = 0 (2.2)

– 2 – where X^′ and Ẋ denote the derivatives with respect to σ and t and Γ^M_{NP} are the Christoffel symbols for the background metric. On the other hand, in order to be in the conformal gauge, we have to impose on the solutions the following constraints:

Ẋ^M X^′_M = 0 , (2.3) Ẋ^M Ẋ_M + X^{′M} X^′_M = 0 . (2.4)

We can now particularize these equations to the case at hand, a 4+1 dimensional spacetime with one of the spatial dimensions compactified on a circle. In this case, the metric is:

ds^2 = g_{MN} dX^M dX^N = −dt^2 + dx_idx^i + dθ^2 . (2.5)

In this background, we can use the extra gauge freedom to choose X^0 = t so that the 4-dimensional spatial vector X^J that parametrizes the position of the string satisfies the following set of equations:

Ẍ^J = X^{J ′′} , (2.6) Ẋ^J X^′_J = 0 , (2.7) Ẋ^J Ẋ_J + X^{′J} X^′_J = 1 . (2.8)

We look for solutions of these equations that describe macroscopic strings extended along the non compact 3+1 dimensional part of this spacetime and winding the transverse circle, namely solutions of the following form,

x^0(σ, t) = t , (2.9) x(σ, t) = a(σ − t) , (2.10) θ(σ, t) = σ + (σ − t)b , (2.11)

where a is an arbitrary vector function and b a constant. It is clear that this ansatz fulfills the equations of motion, so we only have to impose the constraint equations which are also fulfilled provided that, b(b + 1) + |a^′|^2 = 0 . (2.12)

Note that we also have to choose b such that it respects the periodicity of θ.

This solution describes a wiggle of arbitrary shape propagating on a straight string along the extra dimension. Solutions of this type have been known in the cosmic string literature for quite some time [21] and generalize the solutions found in the circular case in [22]. They have also been discussed recently within string theory in [23]. From the 4-dimensional perspective, this string looks like a loop of arbitrary form stabilized by the backreaction on its worldsheet of the perturbations of the string along the extra dimension. In this regard, they are basically a compactified version of the wiggly cosmic string model [24, 25].

– 3 –

We can also think of these wiggles along the compactified directions as an induced current on the worldsheet [26], and therefore consider these strings as a model of neutral superconducting strings [27]. Hence, it is not so surprising that there are stable configurations of string loops since states like this are well known in the context of superconducting cosmic string models [28]. Also the arbitrary shape for the strings in this case is easily understood due to the fact that the 4-dimensional string tension vanishes in those configurations [29, 30].

3. Strings on the deformed conifold

We now consider solutions of the type described in the previous section propagating in the background of the warped deformed conifold of type IIB supergravity [9]. In this solution the dilaton field is constant, e^Φ = g_s, and the line element, 3-form and self-dual 5-form Ramond-Ramond field strengths, and the Kalb-Ramond 2-form are given by

ds^2_{10} = h^{−1/2} (τ)dx^μ dx_μ + + 1 2 h^{1/2}(τ)ϵ^{4/3}K(τ) � 1 3K^3(τ) � dτ^2 + g^2_5 � + + cosh^2 � τ 2 � � g^2_3 + g^2_4 � + sinh^2 � τ 2 � � g^2_1 + g^2 � � , (3.1)

F_3 = 1 2 Mα^′ � g_5 ∧ g_3 ∧ g_4 + d � sinh τ − τ 2 sinh τ

(g_1 ∧ g_3 + g_2 ∧ g_4) � , (3.2)

F̃_5 = F_5 + ⋆F_5 , F_5 = B_2 ∧ F_3 , (3.3)

B_2 = g_sMα^′ τ coth τ − 1

4 sinh τ dτ ∧ ((cosh τ − 1)g_1 ∧ g_2 + (cosh τ + 1)g_3 ∧ g_4) , (3.4)

where

K(τ) =

(sinh(2τ) − 2τ)^{1/3} 2^{1/3}sinh τ

, (3.5)

h(τ) = (g_sMα^′)^22^{2/3}ϵ^{−8/3}

�_∞ τ dx x coth x − 1

sinh^2x

(sinh(2x) − 2x)^{1/3} , (3.6)

and the 1-forms g_1, . . . g_5 are linear combinations of the Cartan 1-forms on the coset SU(2)× SU(2)/ U(1) [31], namely:

g_1 = 1 √ 2 (e_1 − e_3) , g_2 = 1 √ 2 (e_2 − e_4) , (3.7)

g_3 = 1 √ 2 (e_1 + e_3) , g_4 = 1 √ 2 (e_2 + e_4) , g_5 = e_5 , (3.8)

e_1 = −sinθ_1dϕ_1 , e_2 = dθ_1 , (3.9) e_3 = cosψsinθ_2dϕ_2 − sinψdθ_2 , (3.10) e_4 = sinψsinθ_2dϕ_2 + cosψdθ_2 , (3.11) e_5 = dψ + cosθ_1dϕ_1 + cosθ_2dϕ_2 . (3.12)

In this parametrization, 0 ≤ θ_i < π, 0 ≤ ϕ_i < 2π, 0 ≤ ψ < 4π for i = 1, 2.

– 4 –

We are interested in the dynamics of strings near the bottom of the conifold, thus we consider the τ → 0 limit of the supergravity solution. The metric becomes (choosing the deformation parameter ϵ = 12^{1/4})

ds^2_{10} = k^{−1} � 1 + τ^2 a_06^{4/3} � dx^μ dx_μ + +k � 1 2 � 1 + � 1 5 − 1 a_06^{4/3} � τ^2 � � dτ^2 + g^2_5 � + + � 1 + � 3 20 − 1 a_06^{4/3} � τ^2 � � g^2_3 + g^2_4 � + τ^2 4 � g^2_1 + g^2 � � + O(τ^3) , (3.13)

where k = a^{1/2}_0 6^{−1/3} g_sMα^′ and a_0 ≈ 0.718.

At τ = 0 the angular part of the conifold degenerates to a round three- sphere of radius k^{1/2},

dΩ^2_3 = 1 2 g^2_5 + g^2_3 + g^2_4 , (3.14)

plus a collapsed two-sphere, dΩ^2 = g^2_1 + g^2 . (3.15)

The stability group of the SU(2) × SU(2) symmetric solution of the conifold defining equations is enhanced from U(1) to a full SU(2) at τ = 0 [8] which we use to set θ_2 = ϕ_2 = 0. Therefore, it is easy to see that (3.14) is indeed the metric on a round three-sphere as dΩ^2_3 = T r dT^†dT/2 for the SU(2) matrix

T = � cos^{θ1}_2 e^{i ψ+ϕ 1}2 sin^{θ1}_2 e^{i −ψ+ϕ 1}2 −sin^{θ1}_2 e^{i ψ−ϕ 1}2 cos^{θ1}_2 e^{−i ψ+ϕ 1}2 � (3.16)

and (3.15) is just dθ^2_1 + sin^2θ_1dϕ^2_1.

We want to study strings propagating in this background which form closed loops in IR^{3,1} and wind around a maximal circle on the blown-up three-sphere. We parametrize the string by target space coordinates (x^0, . . . , x^3, τ, θ_1, ψ, ϕ_1, θ_2, ϕ_2) and we use the worldsheet gauge freedom to fix X^0 = t and (X^1/X^2) = tan σ. Within this gauge we take the following ansatz:

X^M = (t, r(t) sinσ, r(t) cosσ, z_0, τ, 0, 2n_ψ σ + φ(t), n_ϕ σ + φ(t), 0, 0) , (3.17)

where n_ψ and n_ϕ are integers labeling the winding in the ψ and ϕ directions respectively (for 0 ≤ σ < 2π, 2n_ψ σ runs n_ψ times over the range of ψ). Let us mention that circular string solutions winding around transverse spheres are known [32, 33] albeit not for the case of the warped background considered here.

In what follows we will focus on solutions with fixed radius r and find the conditions for their stability for the case of both a fundamental string and a D-string.

– 5 –

3.1 F-string

We consider the Nambu-Goto action for the bosonic sector of the F-string:

S = −T � dσdt √ −γ + μ � B_2 , (3.18)

where the charge μ = T and B_2 stands for the Kalb-Ramond two form. Two conserved quantities follow from the energy momentum tensor namely,^1

E = 2πα^′k � δL δẊ^I

Ẋ^I − L � = r^2 +^1_2 k^2s^{′2} � (1 − ṙ^2) � r^2 +^1_2 k^2s^{′2} � −^1_2 k^2r^2ṡ^2

, (3.19)

ℓ = 2πα^′k δL δẊ^I

(X^I )^′ = 1 2 k^2s^′ṡr^2 � (1 − ṙ^2) � r^2 +^1_2 k^2s^{′2} � −^1_2 k^2r^2ṡ^2

, (3.20)

where the index I labels the eight coordinates not fixed by the gauge choice and we have defined for convenience^2 s ≡ ψ + ϕ_1. The r.h.s. of (3.19) and (3.20) are obtained by specializing to the ansatz (3.17). These two conserved quantities imply that the circular orbits have radius r = √ ℓ and transverse angular velocity φ̇ = 1/ √ 2k for any non vanishing winding numbers n_ψ , n_ϕ . It is clear that these solutions are stable with respect to 4- dimensional radial perturbations due to the fact that they are basically the static solution of a 1-dimensional analogous problem on the minimum of its potential.

Unlike the case of the previous section, in which the stability of the winding in the transverse direction is topological, the solutions obtained above are classically stable due to the dynamics in the transverse directions. They turn out to be stable if the radius r of the string is large enough. From the expansion (3.13) it is not difficult to see that the solution is stable under a small deviation in the τ direction, δτ(t), from the bottom of the conifold (τ = 0). δτ contributes positive definite kinetic and potential energies to the action. Turning on a small perturbation δθ in the coordinate θ, introduces a perturbation in the action (to second order in δθ) proportional to � ℓ + 1 2 k^2(2n_ψ + n_ϕ )^2 � δ̇θ^2 − 1

2k^2 � ℓ − 1 2 k^2(2n_ψ + n_ϕ )^2 � δθ^2 , (3.21)

with no mixing with the τ perturbations (whose lowest order is quadratic). We also notice that there is no contribution to this order from perturbations in the other transverse directions.^3 Therefore, the solution is stable as long as ℓ > k^2(2n_ψ + n_ϕ )^2 2 . (3.22)

1Note that B2 vanishes at the bottom of the conifold.

2The fact that s/2 plays the role of the angular coordinate on the S^1 case, and therefore that the solution should be periodic in this variable, implies that only even n_ϕ should be considered.

3The decoupling of the fluctuations in the τ , ϕ 2, θ2 from the directions on the 3−sphere to quadratic order is, a priori, nontrivial. Therefore, the stability analysis here performed could not have been inferred from the one of [32, 33] even though we arrive at similar results.

– 6 –

Before we end this subsection, let us mention that a σ dependence on the fluctuations considered does not change the result. Indeed, by considering

δθ(σ, t) = � n e^{inσ} f_n(t) , f_n = f_{−n} , (3.23)

leads to an increase in the potential energy contribution of the n-th mode proportional to n^2, therefore improving the stability.

3.2 D-string

The action for a D-string is the sum of the Born-Infeld and Chern-Simons terms which, in the absence of a world-sheet gauge field, reads

S = −T � dσdt e^{−Φ} � −det[γ + B_2] + μ � C_2 , (3.24)

where the charge is related to the tension as |μ| = T and C_2 stands for the Ramond-Ramond two form. In the ansatz (3.17) for τ = 0 the equations of motion coincide with those of the F-string since the contribution from the F_3 form vanishes in this case. However, the Chern-Simons term alters the stability condition under small θ fluctuations. It becomes: ℓ > 1 2 k^2 � (2n_ψ + n_ϕ )^2 ± (2n^2_ψ − n^2_ϕ ) � , (3.25)

where ± = μ/|μ|; while the stability under τ fluctuations is guaranteed for any choice of parameters as in the F-string case.

3.3 Generalizations

We expect the ansatz (3.17) to belong to wider class of stable classical string solutions propagating at the bottom of the conifold geometry. In particular, we can also find solutions for the equations of motion for F and D strings with arbitrary four dimensional shape if we wind the string along a maximal circle of the S^3. In order to see that, it is sufficient to look at the general equations of motion in the conformal gauge for a string in the τ → 0 limit of our geometry. Also it is more convenient to use the familiar parametrization of the sphere, namely

ds^2 = k^{−1} dx^μ dx_μ + k � dχ^2 + sin^2 χ(dθ^2 + sin^2 θdϕ^2) � . (3.26)

If we now restrict ourselves to an ansatz of the form, (t, x^i, 0, π/2, π/2, ϕ, 0, 0) then we see that the equations of motion (2.2) for the F and D string in this background are identical to the solutions found for the M^4 × S^1 case and therefore allow for any shape for the string in four dimensions. The stability of these solutions with respect to perturbations along the sphere follows from the arguments on previous sections.

– 7 –

4. Concluding remarks

We have found stable solutions for loops of F and D strings extended along the uncompactified four dimensional space and winding a circle of the transverse 3-sphere at the bottom of the warped deformed conifold. The reason for its stability from the four dimensional point of view is the modification of the string dynamics due to the massless degrees of freedom present on the string associated with the excitations along the transverse directions. This is reminiscent of what happens in the case of superconducting cosmic string case, where solutions of this type are known to exist, the so called vorton solutions [28]. In fact, we can regard the strings propagating at the tip of this geometry as neutral superconducting strings, as long as the extra dimensional manifold there remains a 3-sphere. If this was the case on a realistic model of brane inflation, we should carefully study the cosmological implications of our findings. The existence of these stable loops that would not decay by gravitational radiation, would impose important constraints on the string network evolution [34].

Acknowledgments

We would like to thank Gia Dvali, Roberto Emparan, Gregory Gabadadze, Jaume Garriga, David Mateos, Ken Olum, Joseph Polchinski and Alexander Vilenkin for useful discussions. J.J.B.- P. would like to thank the Departament of Física Fonamental, at the Universitat de Barcelona for their hospitality during the early stages of this work. A.I. is supported by funds provided by New York University and J.J.B.-P. is supported by the James Arthur Fellowship at NYU.

References

[1] P. Binetruy and M.K. Gaillard, Candidates for the inflaton field in superstring models, Phys.

Rev. D 34 (1986) 3069.

[2] J.J. Blanco-Pillado et al., Racetrack inflation, JHEP 11 (2004) 063 [hep-th/0406230].

[3] G.R. Dvali and S.H.H. Tye, Brane inflation, Phys. Lett. B 450 (1999) 72 [hep-ph/9812483].

[4] G.R. Dvali, Q. Shafi and S. Solganik, D-brane inflation, hep-th/0105203.

[5] C.P. Burgess, P. Martineau, F. Quevedo, G. Rajesh and R.J. Zhang, Brane antibrane inflation in orbifold and orientifold models, JHEP 03 (2002) 052 [hep-th/0111025].

[6] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister and S.P. Trivedi, Towards inflation in string theory, JCAP 0310 (2003) 013.

[7] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097]; S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, De Sitter vacua in string theory, Phys. Rev. D 68 (2003) 046005.

[8] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246.

[9] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades and χSB-resolution of naked singularities, JHEP 08 (2000) 052 [hep-th/0007191].

– 8 –

[10] N. Jones, H. Stoica and S.H.H. Tye, Brane interaction as the origin of inflation, JHEP 07 (2002) 051 [hep-th/0203163]; The production, spectrum and evolution of cosmic strings in brane inflation, Phys. Lett. B 563 (2003) 6;

S. Sarangi and S. H. H. Tye, Cosmic string production towards the end of brane inflation, Phys. Lett. B 536 (2002) 185.

[11] G. Dvali and A. Vilenkin, Solitonic D-branes and brane annihilation, Phys. Rev. D 67 (2003) 046002 [hep-th/0209217].

[12] E.J. Copeland, R.C. Myers and J. Polchinski, Cosmic F- and D-strings, JHEP 06 (2004) 013 [hep-th/0312067].

[13] J. Polchinski, Cosmic superstrings revisited, AIP Conf. Proc. 743 (2005) 331–340 [hep-th/0410082]; Introduction to cosmic F- and D-strings, hep-th/0412244.

[14] T. W. B. Kibble, Topology of cosmic domains and strings,J. Phys. A 9 (1976) 1387. [15] A. Vilenkin, Cosmic strings and domain walls,Phys. Rev. 121 (1985) 263. [16] A. Vilenkin and E.P.S. Shellard, Cosmic strings and other topological defects, Cambridge University Press, Cambridge 1994.

[17] M. B. Hindmarsh and T.W.B. Kibble, Cosmic strings, Rept. Prog. Phys. 58 (1995) 477. [18] M.G. Jackson, N.T. Jones and J. Polchinski, Collisions of cosmic F- and D-strings,

hep-th/0405229.

[19] T. Damour and A. Vilenkin, Gravitational radiation from cosmic (super)strings: bursts, stochastic background and observational windows, Phys. Rev. D 71 (2005) 063510 [hep-th/0410222].

[20] A. Avgoustidis and E.P.S. Shellard, Cosmic string evolution in higher dimensions, Phys. Rev.

D 71 (2005) 123513 [hep-ph/0410349].

[21] T. Vachaspati, Traveling waves on domain walls and cosmic strings, Phys. Lett. B 238 (1990) 41.

[22] A. Davidson and K.C. Wali, Abelian selfinteraction of a test loop, Phys. Lett. B 213 (1988) 439.

[23] D. Mateos, S. Ng and P.K. Townsend, Supercurves, Phys. Lett. B 538 (2002) 366 [hep-th/0204062].

[24] B. Carter, Integrable equation of state for noisy cosmic string, Phys. Rev. D 41 (1990) 3869. [25] A. Vilenkin, Effect of small scale structure on the dynamics of cosmic strings, Phys. Rev. D 41 (1990) 3038.

[26] N.K. Nielsen, Dimensional reduction and classical strings, Nucl. Phys. B 167 (1980) 249. [27] E. Witten, Superconducting strings, Nucl. Phys. B 249 (1985) 557. [28] R.L. Davis and E.P.S. Shellard, The physics of vortex superconductivity. II, Phys. Lett. B 209 (1988) 485.

[29] B. Carter and P. Peter, Dynamics and integrability property of the chiral string model, Phys.

Lett. B 466 (1999) 41 [hep-th/9905025].

[30] J.J. Blanco-Pillado, K.D. Olum and A. Vilenkin, Dynamics of superconducting strings with chiral currents, Phys. Rev. D 63 (2001) 103513 [astro-ph/0004410].

– 9 –

[31] R. Minasian and D. Tsimpis, On the geometry of non-trivially embedded branes, Nucl. Phys.

B 572 (2000) 499 [hep-th/9911042].

[32] A. Davidson and K.C. Wali, Abelian selfinteraction of a test loop, Phys. Lett. B 213 (1988) 439.

[33] J. Djurhuus, A.L. Larsen and N.K. Nielsen, Generalization of the string solution of davidson and wali, Phys. Lett. B 248 (1990) 273.

[34] R.H. Brandenberger, B. Carter, A.-C. Davis and M. Trodden, Cosmic vortons and particle physics constraints, Phys. Rev. D 54 (1996) 6059 [hep-ph/9605382].

– 10 –